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corresponding relative difference computed using sensitivity analysis is almost zero. Table 4 presents the 

results obtained for           Case 4. It is observed that the relative difference computed for search-based 

algorithm range from 0.061 percent to 4.701 percent while the corresponding relative difference 

computed using sensitivity analysis is almost zero. Thus it is observed that the relative difference is very 

small. Thus these methods agree very well with the combinatorial solution. 

 

Table. 1 Comparison of  results obtained using the three approaches for  

M  = [96,104]kNm 

 
ccε ×10

-4
 

ccf  (N/mm
2
) x (mm) 

sf (N/mm
2
) 

 Lower Upper Lower Upper Lower Upper Lower Upper 

Combinatorial 4.699 5.123 5.557 5.985 270.291 270.945 79.870 86.612 

Search based 

approach 
4.704 5.117 5.562 5.980 270.299 270.937 79.543 86.972 

% difference 0.106 0.117 0.090 0.084 0.003 0.003 0.409 0.416 

Sensitivity 

Analysis 
4.699 5.122 5.557 5.985 270.291 270.946 79.871 86.614 

% difference 0.002 0.005 0.001 0.011 0.000 0.000 0.001 0.005 

 

Table. 2 Comparison of  results obtained using the three approaches for 

M = [90,110] kNm , 
sA = [0.9,1.1]*2946mm

2
 

 
ccε ×10

-4
 

ccf  (N/mm
2
) x  (mm) 

sf  (N/mm
2
) 

 Lower Upper Lower Upper Lower Upper Lower Upper 

Combinatorial 4.279 5.601 5.121 6.454 261.07 279.374 68.467 101.149 

Search based 

approach 4.261 5.631 5.102 6.483 260.693 279.874 67.029 103.374 

% difference 0.421 0.536 0.371 0.449 0.144 0.179 2.100 2.200 

Sensitivity 

Analysis 

4.279 5.601 5.121 6.454 261.07 279.374 68.467 101.149 

% difference 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 
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Table. 3 Comparison of  results obtained using the three approaches for  

M = [80,120] kNm and 
sE  = [0.98,1.02]*2946mm

2
 

 
ccε ×10

-4
 

ccf  (N/mm
2
) x  (mm) 

sf  (N/mm
2
) 

 Lower Upper Lower Upper Lower Upper Lower Upper 

Combinatorial 3.848 6.021 4.661 6.853 267.338 273.939 66.339 100.286 

Search based 

approach 
3.821 6.071 4.631 6.901 267.235 274.119 61.707 107.875 

% difference 0.702 0.830 0.644 0.700 0.039 0.066 6.982 7.567 

Sensitivity 

Analysis 

3.848 6.021 4.661 6.853 267.338 273.939 66.339 100.286 

% difference 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

 

 

 

 

Table. 4 Comparison of  results obtained using the three approaches for 

M = [96,104] kNm, 
sA  = [0.98,1.02]*2946mm

2   

sE  = [0.98,1.02]*2.0e5kN/m^2 

 
ccε ×10

-4
 

ccf  (N/mm
2
) x  (mm) 

sf  (N/mm
2
) 

 Lower Upper Lower Upper Lower Upper Lower Upper 

Combinatorial 4.651 5.178 5.507 6.040 266.935 274.239 78.303 88.379 

Search based 

approach 
4.643 5.188 5.499 6.051 266.771 274.423 74.797 92.534 

% difference 0.172 0.193 0.145 0.182 0.061 0.067 4.477 4.701 

Sensitivity 

Analysis 
4.651 5.178 5.507 6.040 266.935 274.239 78.303 88.379 

% difference 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

 
6.1 COMBINED MEMBERSHIP FUNCTION FOR STRESSES AND STRAINS 

 

Combined membership functions are plotted for stresses and strains in concrete and steel as well as 

neutral axis depth using the three approaches viz. search-based algorithm, sensitivity analysis and 

combinatorial approach. These membership functions are obtained using the procedure suggested by 

Moens and Vandepitte (2005). Figure 7 shows the plots of membership function for the depth of neutral 

axis. Combined membership functions for the strain and stress in extreme concrete fiber are presented in 

Figure 8 and Figure 9 respectively. Combined membership function for the stress in steel reinforcement is 

shown in Figure 10. It is observed that all these membership functions are triangular with linear variation 
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of the response about the corresponding mean value. The plots of combined membership functions 

obtained using search-based approach and sensitivity analysis agree well with the membership functions 

plotted using combinatorial approach.  
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Figure .7 Combined membership function for neutral axis depth(x) 
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Figure .8 Combined membership function for strain (cc) in  extreme concrete fiber 
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Figure 9. Combined membership function for stress (fcc) in extreme concrete fiber 
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Figure .10 Combined membership function for stress (fcc) in steel reinforcement 
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7. Conclusions 

In the present paper, analysis of stresses in the cross section of a singly reinforced beam with interval 

values of area of steel reinforcement with corresponding interval Young’s modulus and subjected to an 

interval external bending moment is taken up. The stress analysis is performed by three approaches viz. a 

search based algorithm and sensitivity analysis and combinatorial approach. It is observed that the results 

obtained are in excellent agreement. These approaches allow the designer to have a detailed knowledge 

about the effect of uncertainty on the stress distribution of the beam. The combined membership functions 

are plotted for neutral axis depth and stresses in concrete and steel and are found to be triangular.  

 

Interval stresses and strains are also calculated using sensitivity analysis. The sign of the derivatives 

at the mid point and also at the endpoints is found to be same thus establishing the validity of the solution. 

More accurate monotonicity tests based on second and higher order derivatives (Pownuk, 2004) can also 

be used to establish sharp bounds on interval solution. Results with guaranteed accuracy can also be 

calculated using interval global optimization (Hansen, 1992 and Neumaier, 1990). Initial efforts by the 

authors in this direction gave encouraging results. Extended version of this paper will be published on the 

web page of the Department of Mathematical Science at the University of Texas at El Paso 

(http://www.math.utep.edu/preprints/). 
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